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1 Introduction

We are concerned with the oscillatory properties of all solutions of third order nonlinear difference
equations of the form

Az [%A(X” + Can—Cr )j " pnAXn + qn f (Xn+1) = 0’ n= 0’1’ 2’ (11)

Az {%q)(xn)A(Xn +C X o )j " pnAXn +0, f (Xn+1) =0;n=012,.. (12)
Az {&A(X” + Cnxna)j—i_ qn f (Xn+1) = 0; n= 0’1’ 2’ (1'3)

Az {%q)(xn)A(Xn +C X o )j " pnAXn +0, f (Xn+1) =0;n=012,.. (14)

Where the following conditions are assumed to hold.
(H1) {a,}.{p,}.{a,} and {c,} are real positive sequence and ¢, = 0 for infinitely many values of n.
(H2) f :R — R iscontinuesand xf (x) >0 forall x=0.

(H3) there exists a real valued function ¢ such that

f(u,)-f(,)=9,v)[(u,+cu, )-(v,+cv, )] foralu, #0,v, #0,c>0,n>0c >0and
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g(u,,v,)=L>0eR.

(H4) ¢:R — R iscontinuesforall x=0,¢4(x,)>0.

0

(H5) D" (n+1)p,2 <.

n=M

(He) S

2

Gn < 0.
2

an

(H7) i(n +1)q, = .

n=0

(He) 3 — oo

n=0 nqn

By a solution of equation (1.1) —(1.4), we mean a real sequence {X, } satisfying (1.1)-(1.4) for

n=0,12,....A solution {X } is said to be oscillatory if it is neither eventually positive nor eventually
negative. Otherwise, it is called non-oscillatory. The forward difference operator A is defined by

AX =X

n n+

1~ X

n

In recent years, much research is going in the study of oscillatory behavior of solutions of third
order difference equations. For more details on oscillatory behavior of difference equations, one may
refer [1-22].

2 Main Results

In this section, we present some sufficient condition for the oscillation of all the solutions of
(1.1)-(12.4). We begin with the following lemma.

Lemmal

Let P(n,s,x) bedefinedon NxNxR", N ={0,1,2,..},R" =[0,) such that for fixed nand
s, the function P(n,s, x) is non-decreasingin X.Let {r } be a given sequence and the sequences

{x,} and {z }be definedon N satisfying, forall ne N,

n-1
X, =1+ Y P(n,s,X,), (2.1)

s=0
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n-1
And z, =T+ P(ns,z,), (2.2)

respectively. Then z <X, forall ne N.
This proof can be found in [18].

Theorem 1

In addition to (H1), (H2) and (H3).assume that (H5), (H6), (H7) and (H8) hold and let
Z, = X, +C,X,_.. Then, every solution of (1.1) is oscillatory.

Proof:

Suppose the contrary. Then we may assume that {X_}be a non oscillatory solution of (1.1),

such that X, > 0(orx, <0) forall n>M —1,M >0 isan integer and let b, =t
an
Equation (1.1) implies
(bn+1AZn+1) - A(bnAZn ) + pnAXn + qn f (Xn+1) = 0 (23)
Multiplying (2.3) by and summing from M to (n—1), we obtain
n+1
n-1 S+1 n-1 n-1 n-1
A(b,,,Az,,,) Z A(b,Az,)+ Z PAX + Y (s+1)g,=0.  (24)
s=M (Xs+1) s=M s+1) S= s+1 s=M
But
S s+1 (b AZ ) (n+1)bn+1 _ (M +1)bM+1AXM+1 nzl bs+2AZs+2 + < (S+1)bs+zg(xs+2 s+1)AZs+1
S+1 s+1
i f(X) f(Xn+1) f(Xu.1) i f(X2) FOa) F(X.2)
(2.5)
Also,
N S+1 A(bsA s) = (n+1)bnAXn — (M +1)bM AX S b AZs+1 + S (S+1)bs+1g(Xs+2,xs+1)(AZs+1)2 (26)
s=M f (Xs+1) f (Xn+1) f (XM+1) s=M s+2) s=M f (Xs+1) f (Xs+2)

Substituting (2.5) and (2.6) in (2.4), we have
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((n +1)bn+1 n+l (n +1)bnAZn J+ E ((S +1)bs+zg (Xs+2’ Xs+1)AZs+1AZs+2 _ (S +1)bs+1g (Xs+2' Xs+1)(AZs+1)2 J
f (Xn+1) f (Xn+1) M f (Xs+1) f (Xs+2) f (Xs+1) f (Xs+2)

_ 5+27s+2 s+17"s+1 S S _ (M +1)bM+1AZM+1_(M +1)bMAZM 2.7
Z(f(xm) f(xm)J 270 AXSZZM(S”)“S‘[ (%0 IO J &7

Using Schwarz’s inequality, we have

n n-1 % n-1 ? %

b. ,Az Az

54270542 | , 5+2 2.8
Z;;( f(x Hz)j LM( ) j [ [f(xﬁz)n 7

2\
S bs+1AZs+l N 2 3 —AZS+1
sz( f(X,2) j [S=M 0. J LZ[ f(XHZ)j } -

2\
S (S +1)bs+zg (Xs+2 s+1)AZs+1AZs+2 < [ S (b )ZJ}/Z S (S +1)g(xs+2 s+1)AZs+lAZ (210)
s=M f (Xs+1) f (Xs+2) - s=M 2 s=M f (Xs+1) f (Xs+2)
n-1 n-1 % n-1 %
(S +1)bs+lg (Xs+2 s+1)(AZs+l) < [ (b )2] (S +1) g (Xs+2 s+1)(AZs+l) (211)
s=M f (Xs+1) f (Xs+2) B s=M i s=M f (Xs+1) f (Xs+2)
And

s=M f (Xs+1) s=M

a1 n-1 2\
z(—(”l)ps“sjg[z(s+1)(ps) j [Z(Sﬂ)[ o )j } (212)

In view of (2.8), (2.9), (2.10),(2.11) and (2.12), the summation in (2.7) is bounded , we have
(n +1)bn+1 n+l (n +1)bnAZn _ E (b )2 % E AZs+2 i z (b ) 2 nzl AZs+1 i %
f (Xn+1) f (Xn+1) s=M T s=M f (Xs+2) . =M f (Xs+2)
% IA 2\
3 (S + 1)9 (Xs+2 s+1)Azs+1Azs+2 & 2 2 & (S + 1)9 (Xs+21 Xs+1)(AZs+1)4
+(SZM: (b5+2) j {SEMZ( f (Xs+1) f (Xs+2) j ] _(S—ZM (b5+1) j {S—ZM{ f (Xs+l) f (Xs+2) j ]

6

N

s=M f (XM +1) f (XM+1) s=M

1
<

2| n-l 2 % n-1
(s+1)(p.) j [ 5+ {f(x )N S((M Dby Az, (M +1)bMAZMJ_Z(S+1)qS (2.13)

IJSER © 2011
http://www.ijser.org


http://www.ijser.org/

International Journal of Scientific & Engineering Research, Volume 2, Issue 2, February-2011
ISSN 2229-5518

In view of (H5), (H6) and (H7), we get from (2.13) that (n +:)(A(b”)AZ”) — —o0as N — .
Xn+1

Hence there exists M, >M such that A(b,Az,) <0 for n> M, which implies A(b,Az,) < -k, k >

Summing the last inequality from m to (n—1), we obtain
n-1 n-1
> AlbAz) < D (k)
s=m s=m

Thatis b Az, <—-k(n—m)+b Az,

0

Therefore b Az, — —c0 as N — co. Hence there exists M, > M, such that Az, <0 for n>M, (2.14)

Rewriting (2.7), we have

(n +1)bn+l + n24 (S +1)bs+29(xs+2’XS+1)AZS+1AZS+2 _ (n +1)bnAZn + (M +1)bM+1AZM+l _ (M +1)bM AZM

f (Xn+1) s=M, f (Xs+1) f (Xs+2) - f (Xn+1) f (XM +1) f (XM+1)
2 M,-1 M,-1
_z (S +1)qs + Z (S +1)bs+lg(xs+2' Xs+1)(AZs+1) _ Z (S +1)bs+2g (Xs+2' Xs+1)AZs+lAZs Z s+1
s=M, f (Xs+1) f (Xs+2) f (Xs+1) f (Xs+2) =M s+1

Z (S+1)bs+1g(xs+2' s+1)(AZs+1) +M2 1[bS+ZAZs+Z S+ s+1J le (bS+ZAZS+Z _ bs+1AZs+1J_ E s+1
F (%) F(X.0) ST T ) Sl ) fx,) ) S Fa)
2.
From (H1), (H7), (2.14) and (2.15), there exists an integer M, = M, such that
n-1
(n +1)bn+1 1 Z (S +1)bs+zg(xs+21 Xs+1)AZs+1AZs+2 < _|,| > M3 where | is a positive integer.
f (Xn+1) s=M, f (Xs+1) f (Xs+2)
(n +1)bn+1 _ E (S +1)bs+zg (Xs+2 ! Xs+1)AZs+1AZs+2 > (2
f (Xn+1) s=M, f (Xs+1) f (Xs+2)

Let u,, =—(n+1)Az, . (2.16) becomes

n+1",

n+1 n+1 > | Z (S +1)bs+2g(xs+2’ Xs+1)AZs+1AZs+2 ‘n>M
f (Xn+1) s=M; f (Xs+1) f (Xs+2)

3
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(|e) Un+1 > f (Xn+1) + E bs+2 f (Xn+1)g(xs+2’ Xs+1)(_AZs+2)us+1 (217)
bn+1 s=M; bn+1f (Xs+1) f (Xs+2)
AISO, Let Vn+1 =1 f (Xn+1) + E bs+2 f (Xn+1)g(xs+2’Xs+1)(_AZs+2)Vs+1 (218)
bn+1 s=M; bn+1f (Xs+1) f (Xs+2)
Using lemma 1, we have, from (2.17) and (2.18)
= un+1 n+1 (219)
(2 18) |mp||es V f(xn+l) |+ nz_ll bs+2g(xs+2'X5+1)(_Azs+2)vs+1
bn+1 s=Mj f (Xs+1) f (Xs+2)
o If (Xy,) |
This implies that Vo 2 0 ;n>M, (2.20)
n+1
If (%)
From (2.19) and (2.20), we have —(n+1)Az,, > -
n+1
—If (x
Az, < T0,) (2.21)
(n +1)bn+1
n-1 1
summing (2.21) from M, to (n—1), we have »_ Az, , <-If (x, )z
S=M, <, (n+1)b,
Thatis z 4 <= (%)
N+ M 1 M SZM3 1)bn+1
= Zn+1 - ZM +1 If( M, )z (n+1)b
n+1

=z, =(X,+C,X, ) <0 Forsufficiently large n,

Which is a contradiction to the fact that X is eventually positive. The proof is similar for the case when

X, is eventually negative. Hence the theorem is completely proved.
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Examples

Example 1

Consider the difference equation

- X, +—4—=0 (E1)
2n“(n+1)(n+2) n(n+1)

n
A’ (mA(Xn +NX, ;)

9n®+18n+5 X
j + A
All the conditions of Theorem 1 are satisfied. Hence every solution of equation (E1) is oscillatory.
Example 2

Consider the difference equation

3
Az(n—HA(Xn+an5)j+i3 LAXH-FM:O (EZ)
n+2 n°Vn+l (n+D)(n+2)

All the conditions of Theorem 1 are satisfied. Hence every solution of equation (E2) is oscillatory
Theorem 2

In addition to (H1), (H2) ,(H3)and (H4).assume that (H5), (H6), (H7) and (H8) hold and let
Z, = X, +C,X,_,. Then, every solution of (1.2) is oscillatory.

Theorem 3

In addition to (H1), (H2) and (H3).assume that (H6), (H7) and (H8) hold and let z, =X +C X, .
Then, every solution of (1.3) is oscillatory.

Theorem 4

In addition to (H1), (H2), (H3) and (H4).assume that (H6), (H7) and (H8) hold and let
Z, = X, +C,X,_.. Then, every solution of (1.4) is oscillatory.

Proofs of Theorem 2, Theorem 3 and Theorem 4 are similar to the proof of Theorem 1 and hence the
details are omitted.
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